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1 Introduction
One of the main difficulties in the modeling and numerical simulation of the spread of an
infectious disease in wildlife resides in properly taking into account the heterogeneities
of the landscape. Forests, plains and mountains present different levels of hospitality,
while large interstates, lakes and major waterways can provide strong natural barriers to
the epidemic spread. A canonical approach has been to discretize both population and
geography into geopolitical units and consider the movement of individuals from unit to
unit [4]. This approach, however, does not well represent the biological realities of animal
movement, since animals do not move at the scale of geopolitical units. We combine a
standard SEI epidemiological model with a diffusion process to account for movement as
a continuous process across a continuous region [1]. This results in a system of parabolic
reaction-diffusion equations with nonlinear reaction term. Landscape heterogeneities are
accounted for by including in the computational domain the significant geographical
features of the area. We discretize the resulting model in time by an IMEX scheme
and in space by finite elements. To show the effectiveness of the method, we present
numerical simulation for rabies epidemics among raccoons in New York State.
2 Continuous model for movement
Let x ∈ Ω ⊂ R2. The SEI model subdivides the population individuals at time t into
Susceptibles S(t), Exposed E(t), and Infectious I(t). We consider as unknown the vector
u(x, t) = [s(x, t), e(x, t), i(x, t)]T of their densities in location x at time t. Thus
S(t) =
∫
Ω s(x, t) dx, E(t) =
∫
Ω e(x, t) dx, and I(t) =
∫
Ω i(x, t) dx.
In more general cases, a fourth group of Recovered individuals could be considered (SEIR
models), but in our case study this class is empty, as rabies is lethal for raccoons. How-
ever, the extension of the following arguments to SEIR models is straightforward.
We model the spread of an epidemic in Ω by a vector generalization of the normalized
Fischer’s equation, a nonlinear system of reaction-diffusion equations of parabolic type
(1) ∂tu− div (ν∇u) = (A− B(u))u in Ω× [0, T ],
where
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ν =
νs 0 00 νe 0
0 0 νi
 , A =
α α 00 −σ 0
0 σ −φ
 , B(u) =
−µ0 n −βs 0βi −µ0 n 0
0 0 −µ0 n
 ,
n = s + e + i being the total population, α the reproduction rate, β the infectiveness
of a contact between a susceptible and an infectious individual, 1/σ the latency period,
and 1/φ the life expectancy of a rabid animal. We assume a density dependent natural
mortality rate µ0n. System (1) is completed by a suitable initial value u
0, and suitable
boundary conditions on ∂Ω. In general homogeneous Neumann boundary conditions
are used to model an isolated environment, but other boundary conditions can be con-
sidered as well: an homogeneous Dirichlet boundary condition would model an hostile
environment, while a Robin boundary condition would model a migratory dynamics.
3 Modeling landscape heterogeneities
We consider here two kinds of geographical heterogeneity in the region of interest, that
are modeled in two different ways. Localized heterogeneities, such as the presence of
major waterways and roads, locally drive the movement of the wild animals. Extended
heterogeneities are particular features significantly affecting the dynamics of the infection
in a whole region. This is the case, for instance, of lakes, forests and mountains.
3.1 Localized heterogeneities
The effect of localized heterogeneities on the population dynamics are included by locally
modifying the diffusivity tensors. In each point of the river we identify a local frame of
reference (eτ , en), see Figure 1 (left). In a neighborhood Σ of width 2ε of the river
the diffusivity is gradually decreased, from the regular value νH to a lower value νL,
as plotted in Figure 1 (right). By denoting with ŷ is the distance from the river along
en, the compartmental diffusion tensor νk (k = s, e, i) is first computed in the (eτ , en)
reference frame, then referred to the Cartesian global frame of reference, by means of a
rotation matrix R aligning the local frame of reference to the global one
(2) νk = Rν̂kR
T , ν̂k =
νH 0







Strong heterogeneities between different areas naturally induce a partition of the com-
putational domain into homogeneous subregions. To take into account different levels of
hospitality, we act on both the carrying capacity of the region, and the diffusion coeffi-
cients. For instance, in a unhospital area, we both lower the carrying capacity to reduce
the presence of animals at the disease-free equilibrium, and the diffusion coefficient to
avoid massive migration towards such area.
4 Finite dimensional approximation
Let ∆t be a time step and let tn = n∆t. System (1) is advanced in time by mixed
implicit/explicit (IMEX) finite differences, where the nonlinear term is treated explicitly,
while the principal part of the operator is treated implicitly. Space discretization is based




Figure 1. Left: (eτ , en) reference frame along the river. Right: diffusion
coefficient in the normal direction to the river, with νH = 100, νL = 1,
and ε = 0.2. Figures from [1].
on finite elements (for an introduction to the method see e.g. [3]), since the latter are
particularly suitable for complex geometries as real geographic regions can be. On a








of the nodal values at time tn.
At each time step, we solve the algebraic system
(3) (M+ ∆tA)Un = ∆tF(Un−1) +MUn−1,
where M and A are block-diagonal
M =
 M 0 00 M 0
0 0 M
 , A =
 As 0 00 Ae 0
0 0 Ai
 ,
where M and Ak (k = s, e, i) are the classical finite elements mass and stiffness matrices,
and where F(Un−1) is obtained from the right hand side in (1) (see [1] for details).
5 Numerical simulation
For illustrative purpose we apply the method to the spread of a fictious epidemic of
raccoon rabies in the state of New York. A simulation of the actual spread of rabies
among raccoons in the area (1990-1996) can be found in [1], where the proposed method
proves its effectiveness in qualitatively capturing the early dynamics of the epidemic.
5.1 Computational domain
A geographically detailed computational domain of the area of interest can be recon-
structed from satellite images or recovered from other similar sources (GIS data, for
instance), and suitably triangulated. The strongly heterogeneous regions are then iden-
tified directly on the mesh, while the localized heterogeneous effects are included by
forcing mesh points in the areas of interest, such as major waterways and highways. We
include in the geography the Hudson and Mohawk rivers as barriers, and the mountains
in the northern part of the state as a reduced hospitality region.
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5.2 Results
The coefficients of the model used in the simulation refer to raccoon rabies. The epidemi-
ological parameters (α, β, σ, φ) are drawn from literature, while the mortality term µ0
is estimated indirectly to produce a disease-free equilibrium corresponding to the mean
of reported densities for raccoons in the eastern US. We initiate an epidemic cluster in
the vicinity of Oneonta (Otsego County), and we plot in Figure 2 the difference between
the infectious density computed with the inclusion of the rivers and the one obtained
without the presence of rivers at different times. The barrier effect is clearly appreciable.
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Figure 5. Effect on the propagation front of including landscape heterogeneities at different times (left
to right: 12, 24, and 36 months). Top row: InoRiver − Ibase. Bottom row: relative difference (InoRiver −
Ibase)/InoRiver.
Figure 6. Effect of diffusion reduction normal to the river on the propagation front at different times (left
to right: 12, 24, and 36 months): Ibase − I7.
Figure 7. Effect of the distance ε on the propagation front at different times (left to right: 12, 24, and 36
months): Ibase − I￿.
expected, the larger the threshold, the larger the shielding effect in the propagation
of the infection.
These results pinpoint the relevance of the presence of the river on the epidemics.
The relative differences between the presence or absence of rivers is 10 %. The
numerical values of the parameters have an impact of at most 3 % on the results, in
the presence of variations in the threshold. A far less significant impact is associated
with changes in the ratio νH/νL.
5.3. Simulation of the New York State epidemic outbreak (1990-1994)
In order to test our method with a more realistic problem, we simulate an epidemic
spread which is inspired by the raccoon rabies epizootic that spread in the state
of New York from the early 1990s. Since World War II, three major regional
epidemics of rabies in animals appeared and are still ongoing. Two of them (one
in Europe, one in Canada) are primarily associated with red fox (Vulpes Vulpes),
while the third one is occurring in the United States, and appears to have multiple
hosts. The east coast of the United States has experienced an epidemic of rabies
among raccoons (Procyon lotor) since the early 1970s. The epidemic began at
Figure 2. Effect of the presence of rivers and the reduced capacity region
on the infectious density after 12, 24, and 36 months (left to right, [1]).
5.3 Computational cost
The algebraic system (3) does not present any significant difficulty from the numerical
standpoint. Its 3N × 3N matrix is symmetric, and the solution at each time step can be
computed by a Conjugate Gradient (CG, [3]) method, for which standard, very effective
preconditioners are available.
6 Conclusion
The proposed space-continuous model features a double advantage. Geographic details
are easily incorporated, and, at the same time, the overall computational cost is very
competitive. As a matter of fact, the proposed model requires the tuning of a smaller
number of parameters with respect to SEI models based on geopolitical units commonly
used in the domain ([4]). So far, the diffusion coefficients have been tuned empirically.
To improve the knowledge of the model parameters, an estimation procedure of Bayesian
type, based on the available observed data, is currently under investigation ([2]).
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